ABSTRACT This paper studies the anti-disturbance control scheme for multiple vehicles formation tracking a specified trajectory. By communicating connections, these vehicles form a vehicle network. The communication topology of the network is a directed acyclic graph. Each node vehicle is modeled as a fully actuated rigid body on SE(3)(a Special Euclidean group) with an unknown constant disturbance, except the root node, which is used to specify the trajectory to be tracked. By means of Euclidean group operation and the convex combination theory on Euclidean group, the problem is first converted to the leader-follower tracking control for two vehicles. Then, without using local coordinates, an almost-globally exponential anti-disturbance tracking control law with the knowledge of the leader's acceleration is designed by using Lyapunov stability theory which achieves formation tracking a given trajectory. To overcome the difficulties in practical obtaining acceleration information of the vehicle being tracked, a dynamic acceleration estimator is designed by using singular perturbation method, thereafter the formation tracking control law based on the acceleration estimator is constructed. For demonstration of the result, some numerical examples have been included.
I. INTRODUCTION
Coordinated control of multiple vehicles has attracted the attention of researchers from various scientific disciplines, given the breadth of its potential applications including military and civil fields. The consensus problem of multiple vehicles described by linear dynamics has been investigated widely [1] - [9] . An important investigation that has sustained underlying research in recent years is the extension of the consensus problem from linear systems to nonlinear systems evolving on nonlinear manifolds, which is also more challenging [10] , [11] .
In this paper, we investigate the formation tracking control of multiple vehicles modeled as moving six degrees of freedom rigid bodies with unknown disturbances, which can be practically applied to underwater robotics or spacecraft. The vehicle's configuration in which we are interested is Lie group SE(3) (a Special Euclidean group), since SE(3) can simultaneously describe a vehicle's rotational and translational motion without singularities or ambiguities [12] . Element g ∈ SE(3) represents the vehicle's attitude and position while the tangent vectorġ ∈ T g SE(3) symbolizes the vehicle's velocity, where T g SE(3) is the tangent space at point g. There are two types of consensus problems for a multi-vehicle system evolving on nonlinear manifold: configuration consensus that refers to attitude and position consensus, and velocity consensus that represents consensus of tangent vectors at different points [13] . However, because tangent vectors at different points on nonlinear manifolds belong to different tangent spaces, it's not easy to compare these tangent vectors when one deals with the velocity consensus problem. Aided by the left-invariant map or right-invariant tangent map [13] , tangent vectors belonging to different tangent spaces can be mapped into Lie algebra, thereafter, these vectors can be compared with each other [10] .
To the best of our knowledge, a pioneering work on swarm formation algorithms of multiple vehicles on Lie group SE (2) was presented by [14] . Thereafter, an increasing number of works have explored multi-vehicle systems on Lie groups by deriving control laws from the general consensus theory [15] extended the swarm result of [14] to desired formations. Reference [13] proposed a unified geometric framework for coordinated motion on Lie groups when the vehicle's velocity was treated as the control input. Synchronization of multiple rigid bodies with completely undirected communication graphs was discussed by [16] . For multiple vehicles with directed communication topologies, leader-follower strategy is an important means to achieve formation tasks. [17] investigated formation control for rigid-body spacecraft while every spacecraft needs the knowledge of the leader's information. [18] presented a finite-time formation controller for multiple vehicles when very vehicle knows the leader's information. Consensus-based formation controllers for multiple vehicles with directed spanning-tree topologies were discussed in [19] and [20] ,, which implies that the leader's information was not necessary for very follower.
Motivated by these work above, we address the formation tracking problem of both translational and rotational motion with unknown constant disturbances via the leader-follower strategy. We consider a vehicle network formed by a directed acyclic communication graph [21] . This kind of communication topology implies that one follower could have multiple leaders, so it's robust to communication malfunction between vehicles. On the other hand, if the leader does not receive information from the follower, a small perturbation in the follower due to disturbances could cause failure in the formation [22] . Thereafter, anti-disturbances control policies should be investigated. References [23] and [24] discussed leader-follower attitude synchronization policies for rigid body with disturbances. For these anti-disturbance tracking controllers, the leader's acceleration information would be needed for the follower's tracking controller while it is not easily measured by the follower [25] . Thus, acceleration estimators need to be designed.
Our main contribution is to propose an almost-global antidisturbance formation (including attitude and position) tracking control strategy for a vehicle network with an acyclic graph via leader-follower method while the leader's acceleration is not necessary for the followers. It's proceeding as follows.
(i) For a directed acyclic graph communication graph with one root, by means of Euclidean group operation and the convex combination theory on Euclidean group [26] , a virtual convex combination leader is constructed as a new leader for the follower by using the information of the multiple leaders being followed. Thus, the tracking control for leader-follower is extended to the control of consensus tracking multiple parent nodes. (ii) The vehicle is directly investigated on the nonlinear manifold SE(3), which implies that the system's model is essentially nonlinear. And unknown disturbances also appear in the dynamic equation. For the task of tracking two vehicles, an almost-globally exponential antidisturbance tracking controller with the information of the leader's acceleration is presented. (iii) In order to overcome the difficulty in obtaining the leader's acceleration, a second-order filter is designed as a dynamic acceleration estimator by using singular perturbation method [27] provided that the leader's velocity can be measured by the follower. Replacing the acceleration with the estimated one, an improved controller is proposed. Ultimately, without using local coordinates, an almost-global formation tracking controller is proposed with disturbance rejection. The remainder of this paper is organized as follows. Necessary preliminaries, including concepts, notations, the multivehicle network modeled as rigid bodies with disturbances and problem formulation, are introduced in section II. Then, an almost-globally exponential control scheme is proposed to achieve the formation tracking task with disturbance rejection, and the leaders' acceleration information is not needed for the follower's controller in section III. In section IV, the proposed control technique applied to multiple rigid bodies in three-dimensional space is simulated. Conclusions are shown in section V.
II. PRELIMINARIES A. CONCEPTS AND NOTATIONS
In this paper, the vehicle is modeled as a moving rigid body with its configuration, i. e., the attitude and position, described by an element of a Special Euclidean group SE(3) as follows.
where R ∈ R 3×3 is a set of orthogonal matrices with the determinant detR = 1. The columns of R ∈ SO(3) can represent the coordinates of the base vector of the frame that fixed on the center of mass (body frame). R can be used to indicate the attitude of the body in space and thus is referred to as an attitude matrix. r ∈ R 3 is a 3 dimensional vector representing the coordinate of the center of mass in space and is a called position vector. Compared with other global descriptions of a vehicle, such as, quaternions, there is no unwinding phenomenon via elements of SE(3) [28] .
As an Lie group, SE(3) has an identity e ∈ SE(3) that is a 4 × 4 matrix representing such configuration that the body frame coincides with the spacial frame. Also as an Lie group, SE(3) is a 6 dimensional smooth nonlinear manifold, then the evolving trajectory of the configuration with time, denoted by g(t), t ∈ [t o , t f ] ⊂ R, is a curve on SE(3). Given a configuration g ∈ SE(3), and (g,ġ) can represent the state of the vehicle.
The symbol so(3) is used to denote the set of 3 × 3 skew symmetric matrices, then we define a set of matrices se(3) as follows,
whereˆ ∈ so(3) represents the rotational velocity expressed in the body frame, and v ∈ R 3 is a 3 dimensional real vector representing the translational velocity of the center of mass measured in the body frame. It is easy to check that se(3) is a 6 dimensional linear space and is isomorphic to
∈ R 6 , then we can define an VOLUME 6, 2018 isomorphic map ∨ and its inverse as follows, 
Let ∇φ ∈ R 6 denote the gradient of a smooth function φ : SE(3) → R, which is defined as follows,
Then, the time derivative of φ along the integral trajectory ofġ = gξ l can be written asφ
(∇ 2 φ)ξ l , and call ∇ 2 φ the Hessian of function φ, which is a symmetric matrix.
Since Morse function is a good candidate distance function [20] , [21] , they provide a measure of the size of the tracking error [3] , we introduce the following Morse function.
Definition 1: Let φ : B(e) → [0, ∞) be a nonnegative smooth function defined on an open set B(e) ⊂ SE(3) containing the identity e. We call φ the polar Morse function, if i) ∀g ∈ SE(3), φ(g) = 0 ⇔ g = e, besides, φ is said to be quadratic, if there exist positive scalars
where || · || is the Euclidian norm, and E 6 represents the 6 × 6 identity matrix.
We say that the quadratic polar Morse function φ is globally defined if its domain B(e) = SE(3), otherwise it's called locally defined, especially φ is said to be almost-globally defined if B(e) is dense in SE(3), where the dense herein means that there are finite elements in the set SE(3)/B(e).
Remark 1:
Since the configuration manifold SE(3) is homeomorphic to SO(3) × R 3 , the polar Morse function can be selected to have the form of φ = φ R + φ r , where φ R is a polar Morse function defined on some open set of SO(3) containing the identity matrix E 3 , and φ r is a positive quadratic form on R 3 . Thus the boundedness of the Hessian of φ is determined by that of φ R .
As pointed out [19] , for any Lie group, there exists a polar Morse function with the Hessian of it to be bounded when defined on a compact set. Since SO(3) is a compact Lie group, there always exists a locally defined polar Morse function φ R with its Hessian to be bounded. For example, the function φ(g) = σ 1 tr(E 3 − R) + σ 2 r T r/2, σ 1 , σ 2 > 0 is an almostglobally defined quadratic polar Morse function on SE(3) (see section IV for the proof). In the sequel, we always assume that there exists an almost-globally defined quadratic polar Morse function.
B. THE SYSTEM MODEL
The object studied in this paper is the group of N+1 vehicles connected by communication. Among these vehicles, one of which is a virtual vehicle that is used to generate a desired trajectory to be followed by the group in the form of specified formation. The group can be viewed as a vehicle network. The dynamic property of the network is determined not only by the dynamic properties of its node vehicle but also by its communication topology. As an evolving dynamical system on SE(3), each node vehicle can be described by the EulerPoincaré equation as follows [17] ,
where j ∈ {0, 1, · · · , N } N , I j is the tensor of mass and inertia properties of vehicle j. f l
and u l j representing the configuration, the body velocity and the control input expressed in the body frame respectively. c l j ∈ R 6 is an unknown constant disturbance caused by unmodeled forces and undetermined external inputs. For the case of j = 0, we set c l 0 = 0, and use (g 0 , ξ l 0 , u l 0 ) to denote the virtual leader vehicle.
In order to study the cooperative dynamics of among the different vehicles, we first consider the relative dynamic behavior of vehicle j with respect to vehicle i. Suppose that vehicle i is the leader of vehicle j, then the relative dynamics of vehicle j with respect to vehicle i can be written as [20] l ij :
where g ij = g −1 i g j is the relative configuration of vehicle j with respect to vehicle i, named as relative configuration.
]ξ l i ∈ R 6 can represent the velocity of vehicle j with respect to vehicle i, named as relative velocity. Apparently, the state space of the system l ij is SE(3) × R 6 , (e, 0) ∈ SE(3) × R 6 is the system's equilibrium.
In order to make our study being specific, we make following assumptions on the dynamic properties of the vehicle and the communication topology.
Assumption A1: All the vehicles l j , j ∈ N are fully actuated.
Assumption A2: All the disturbances c l j ∈ R 6 , j ∈ N of the vehicles are constant.
Assumption A3: The communication topology of the vehicle network is a directed acyclic graph with the virtual vehicle l 0 (g 0 , ξ l 0 , u l 0 ) as the root.
C. PROBLEM FORMULATION
For the given multiple vehicles l j , j ∈ N , we use the fixed relative configuration of vehicle j with respect to vehicle i, i. e.,ḡ ij ∈ SE(3) to specify the desired formation. It is easy to verify thatḡ ii = e,ḡ ij =ḡ
Thus, to determine the desired formation, we only need to specify the relative configurationsḡ 0j ∈ SE(3). The group of vehicles l j , j ∈ N is said to achieve the specified formation asymptotically if
besides, if ξ l 0 = 0, the group is said to achieve the specified formation tracking asymptotically. Especially, if the limit (3) holds for the case thatḡ 0j = e, we say that the group asymptotically achieves the consensus tracking.
To this end,
. By using the above transformation from system l j , j ∈ N to that of˜ l j , j ∈ N , we can give the relation between the problem of formation tracking and that of consensus tracking by following lemma.
Lemma 1 [20] : The multi-vehicle system l j , j ∈ N achieves formation under the controllers u l j , i. e., (g ij (t), ξ l ij (t)) → (ḡ ij , 0), if and only if the transformed system l j , j ∈ N achieves consensus under the controllersũ l j = [Adḡ 0j ]u l j , i. e., (g ij (t),ξ l ij (t)) → (e, 0). Remark 2: From lemma 1, the formation control task can be converted to the leader-follower tracking control problem for two vehicles. The formation controller u l j can also be derived from the consensus tracking controllerũ l j , i.e., u l j = [Adḡ j0 ]ũ l j . For a directed acyclic communication graph of the vehicle network, there may exist more than one leader for a given follower. By means of the convex combination theory on Euclidean group, a virtual convex leader is constructed as a new vehicle to be tracked for the follower. Details can be found to section III.
III. ALMOST-GLOBAL FORMATION TRACKING CONTROL WITH DISTURBANCE REJECTION
In this section, the anti-disturbance formation tracking is achieved as follows. First, the consensus tracking control of two vehicles is studied, and an almost-globally exponential anti-disturbance tracking controller with the information of leader's acceleration is presented. Then, to estimate the leader's acceleration, a dynamic acceleration estimator is designed provided that the leader's velocity could be measured by the follower, which leads to an improved controller. Furthermore, by taking advantage of the convex combination theory on SE(3), a virtual leader is constructed by using the information of the multiple leaders that being followed. Ultimately, the anti-disturbance formation tracking is achieved.
A. ANTI-DISTURBANCE TRACKING CONTROL FOR TWO VEHICLES
In this subsection, the leader-follower anti-disturbance tracking control is presented. Inspired by [29] and [30] , for the relative system l ij (see equation (2)), let φ ij : B(e) ⊂ SE(3) → [0, +∞) be an almost-globally defined quadratic polar Morse function as defined in definition 1. For the problem that vehicle j tracking vehicle i, we propose the following PID control for the follower vehicle j includingξ l i , the acceleration of leader vehicle i.
where u l j,2 is the output of the following dynamical system,
Substituting control law (4) into system (2), the corresponding closed-loop relative system is as follows, c ij :
Obviously, the state space of system (5) is SE(3) × R 6 × R 6 , where SE(3) × R 6 represents the sate space of the relative configuration and velocity space, the extra R 6 represents the state space of the integral control term. (e, 0, −c l j k I j ) ∈ SE(3) × R 6 × R 6 is an equilibrium of system c ij . Vehicle j under controller u l j asymptotically tracks vehicle i provided that the equilibrium is asymptotically stable.
To prove the stability of the closed-loop system c ij , a function defined on B(e) × R 6 × R 6 is introduced as follows.
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where
Lemma 2: There exists ε > 0, such that function W is positive definite on B(e) × R 6 × R 6 . Proof 1: Apparently, the following inequality holds.
According to the property ii) of quadratic polar Morse function in definition1, It is follows that the inequality
holds for some b 1 , b 2 > 0, and further that
Combining the inequalities on V and V ε will lead to the following inequality,
According to the well-known Schur complement lemma [31] , one has that
This shows that W , as the function of the variable
is positive definite on R 3 provided ε < ε 1 . Then, W = 0 if and only if q(g ij , ξ l ij , F l j ) = 0, this is further equivalent to that (g ij , ξ l ij , F l j ) = (e, 0, −c l j /k I j ) which is the equilibrium of the closed-loop system c ij . While as the functions defined on B(e) × R 6 × R 6 , W and W satisfy
This proves the lemma. Lemma 3: Let α = k P j β, then the time derivativeẆ of W along the trajectory of the system c ij iṡ
where 
Proof 3:
From the property ii) of quadratic polar Morse function defined in definition 1, it follows that
holds for some b > 0. And from the property iii) of the same definition, it's ready to know that
After a simple algebraic calculation, inequality (10) can be obtained.
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For a general polar Morse function, there may exit finite extra other critical points at which the gradient will vanish except the global minimum point [30] . For the case of φ ij , this implies there exits g ij ∈ SE(3), g ij = e, such that ∇φ ij (g ij ) = 0. In order to make the polar Morse function φ ij be quadratic, these non-minimum critical points should be excluded in the definition of functionφ ij , thus we define a set in state space of c ij ,
such that on S ij the function W in (6) is not well defined, and the set B(e) × R 6
× R 6 , which implies that the function W is almost-globally defined in the state space. Now we give the stability theorem.
Theorem 1: The equilibrium (e, 0,
× R 6 of the closed-loop system c ij is almost-globally exponentially stable, if (1) the gains in controller (4) satisfy
2 /4βγ for the parameters β, γ > 0 in function W ; and (2) the initial state of system c ij satisfies
Proof 4: According to lemma 2 and 4, the function W (see equation (6)), which is almost-globally defined on SE(3) × R 6 × R 6 , can be selected as a candidate Lyapunov function. Next, we show that S ε is positive definite, which also leads to exponential stability. From lemma 4 and the Schur complement lemma, one has that
This is further equivalent to
if and only if
Apparently, the inequality ε(a 3 − b 1 ε) 4γ b 1 b 2 > 0 holds by taking the value of ε as follows
From the expression of a 1 , a 1 > 0 holds provided that the deferential gain k D j satisfies
And further, the inequality a 1 − ε(b + a 2 (a 3 − b 1 ε)) > 0 holds if ε ∈ (0, ε 2 ) is small enough. Thereafter, S ε is positive definite,that is,Ẇ is negative definite. In fact, the equilibrium (e, 0, −c l j /k I j ) of the closed-loop system c ij is almost-globally exponentially stable. By using λ min (·) and λ max (·) to denote the minimum and maximum eigenvalues of a matrix, it follows from lemma 2 and lemma 4 that
And further one has thaṫ
According to Comparison Principle [27] , the integrating of inequality (18) 
Thus the following inequality holds
In addition, if initial conditions of the system c ij (see equation (5)) belong to the set S ij , quadratic polar Morse function VOLUME 6, 2018 φ ij is not well defined and system (5) does not change on the unexpected states. Consider that the measurement of the set S ij is zero, the equilibrium (e, 0, −c l j /k I j ) is almost-globally exponentially stable.
In the expression of the tracking controller u l j (see equation (4)) of vehicle j, it includes leader i's acceleration that is usually difficult to be obtained measured by vehicle j in practical applications. Thus, we introduce an acceleration estimator in the next subsection.
B. TRACKING CONTROL WITH AN ACCELERATION ESTIMATOR
In order to estimate the leader's acceleration, adaptive Neural Network was employed to estimate the leader's acceleration provided that the leader's configuration and velocity could be measured [32] . To reduce the measured state of the leader, inspired by the literature [33] , assuming that the leader's velocity can be measured, a second-order filter is constructed as a dynamic acceleration estimator,
where (z j1 , z j2 ) ∈ R 6 × R 6 is the state of the filter, ω j > 0, ς j ∈ (0, 1] are parameters of the filter that are used to regulate the speed of estimation of the acceleration. Thus, the following improved control law is obtained (21) and it is called a filter tracking control law.
Under the control of (21), the closed-loop system formed by applying (20) to the system ij (see equation (2)) is as follows, c ij,f :
with state q (g ij , ξ l ij , F l j , z j1 , z j2 ) ∈ Q, where Q SE(3) × R 6 × R 6 × R 6 × R 6 is the state space. It can be verified that q e = (e, 0, −c l j /k P j , ξ l i , 0) ∈ Q is an equilibrium point of the system c ij,f . For the stability of the equilibrium point of the closed-loop system c ij,f (see equation (22)), we propose the following Theorem.
Theorem 2: Assume that the preconditions of theorem 1 are satisfied, and then under the controller (21), the equilibrium q e of the closed-loop system c ij,f (see equation (22)) is almost-globally exponentially stable.
Proof 5:
Rewrite the filter f (see equation (20) ) in the following form,
Then, the system c ij,f (see equation (22)) can be considered as a singular perturbation system with perturbation parameter µ j of [27] . Then theorem 11.4 in monograph [27] is employed to complete the proof. Because theorem 11.4 is kind of lengthiness, for the clarity of the proof, we don't present this theorem in our paper. Readers can refer to the monograph for more details. The key step of the proof process is that the system c ij,f is decomposed into two parts: reduced model (evolving on a slow manifold) and a boundary-layer model (evolving on a fast manifold). From theorem 11.4, it can be know that the exponential stability of the two subsystems implies that the original system c ij,f is also exponentially stable. According to the decomposition procedure for singular perturbation system as shown in [27] , the two subsystems can be found out in the following steps. First, for µ j = 0 the unique solution to (23) is defined by z j1 = ξ l i and z j2 = 0.
, we got the so-called boundary-layer model,
which is exponentially stable provided ς j ∈ (0, 1]. And c ij (see equation (5)) is the reduced model with respect to c ij,f , which is almost-globally exponentially stable according to the theorem 1 .Thereafter, it can be claimed that the original system c ij,f is almost-globally exponentially stable.
Remark 3: Geometrically, the evolution of a trajectory of the system c ij,f (see equation (22)) can be approximated in two steps in terms of fast manifold and slow manifold [27] . First, the trajectory evolving on the fast manifold converges to a point of the slow manifold, which corresponds to the estimated acceleration by the second-order filter. Then, the trajectory evolving on the slow manifold converges to the designed state.
Remark 4: There are other research work on antidisturbance tracking controllers. For instance, [23] presented an anti-disturbance attitude tracking controller for a quadrotor with bounded disturbances, which needs the knowledge of the leader's acceleration for the follower. The main distinction between our tracking method and other results is that the leader's acceleration information is not necessary for the follower. Beside, the system under the proposed controller is exponentially stable. However, the disturbance is assumed to be constant, which should be further developed for more general disturbances in future work.
The control laws given in subsection (III-A) and (III-B) are applicable for the case where each vehicle has only one leader. And it can be generalized to the case of a multi-vehicle system in which the communication topology is a spanning tree that each of its nodes has only one parent node except the root. Based on the tracking result of two vehicles, we will investigate the case that one follower has multiple leaders in the next subsection.
C. TRACKING CONTROL FOR MULTIPLE LEADERS
Now let us consider the case where the communication topology is a directed acyclic graph with each node can have more than one parent node except the root. First, by means of the convex combination theory on SE(3) in [26] , a virtual leader l λ;N j of vehicle j is constructed by using the knowledge of its multiple leaders, where N j = {j 1 , j 2 , · · · , j m+1 } is the set of indexes of the leaders of vehicle j. After that, by using the tracking control designed above such that the vehicle j can track the virtual leader l λ;N j . Unlike the case of linear space in which the linear combination of two points can be represented by the points of the line segment with the two points as its endpoints, for the case of nonlinear manifold, defining the convex combination of two points is much more difficult than that in linear space. Inspired by the idea that the geodesic is a generalization of line segment of linear space on nonlinear manifold, the convex combination of two points in SE (3) is defined by using of the geodesic in [10] , which can be constructed as follows. Let g 1 , g 2 and ξ l 1 , ξ l 2 be two points on SE(3) and their corresponding velocities, then the virtual configuration g λ; 12 and velocity ξ l λ;12 represented by convex combinations of g 1 , g 2 and ξ l 1 , ξ l 2 can be written as g λ;12 = g 1 exp(λ log(g
where λ is the convex combination coefficient that can be used as a weight to express the importance of the corresponding information of the leader to the follower. The configuration and the velocity of the virtual leader l λ;N j can then be similarly constructed as follows,
Because there are finite solutions for log(g Thus, by applying controller (21) to track the virtual vehicle constructed above, we got the following control law,
which is named as containment tracking controller based on filter, where u l λ;j,2 is the output of the following dynamical system:
is the state of the following filter equation
Finally, the result can be summarized as follows. Theorem 3: For the multi-vehicle system l j , j ∈ N given in (1), suppose that the communication topology satisfies A3, and then under anti-disturbance controller (27) , the system almost-globally exponentially achieves consensus tracking the arbitrary reference trajectory specified by (g 0 , ξ l 0 ). This control scheme to track multiple leaders can be further developed as formation tracking control of a vehicle network with a directed acyclic communication graph, which will be shown in the next subsection.
D. ANTI-DISTURBANCE FORMATION TRACKING CONTROL
From Lemma (1), the control problems of formation tracking can be converted to that of consensus tracking. Let {ḡ 0j |j ∈ N } be the desired formation expressed by the set of desired relative configurations with respect to the reference vehicle g 0 . We first introduce the following auxiliary notations: (g j , ξ l j , u l λ;jF ), the state and the formation tracking controller of the j-th vehicle l j that has at least one leader; (g j ,ξ l j ,ũ l λ;jf ), the state and the formation tracking controller of the j-th 
whereũ l λ;j,2 is the output of the following dynamical system:
ω jzλ;j2 is the estimation ofξ l λ;N j , the acceleration of the transformed virtual leader of the j-th transformed vehicle, given by the following filter:
Now, we state the result of formation tracking control.
Theorem 4: For multi-vehicle system l j , j ∈ N given in (1) with its communication topology satisfying A3, and the formation specified by {ḡ 0j |j ∈ N }, the system under anti-disturbance controller (28) almost-globally exponentially achieves formation tracking the arbitrary reference trajectory specified by (g 0 , ξ l 0 ). Proof 6: According to lemma 1, remark 2 and theorem 3, the theorem is obviously.
Remark 5: From the controller u l λ;jF (see equation (28)), states of the virtual leader vehicle (g 0 , ξ l 0 ) are not necessaries needed for all vehicles' controllers. A vehicle's formation tracking controller is only dependent on its formation configuration relative to the virtual leader, relative configurations and velocity with respect to its leaders and on its leaders' velocities. Besides, if the specified relative configuration g 0j = e for all j ∈ N , then the control for the formation tracking will degrade into that of consensus tracking. Furthermore, simple algebra shows that
From equation (29), it's easy to understand the formation controller u l λ;jF can accomplish the formation tracking task with disturbance rejection.
Because of many notations used in this paper, a nomenclature (see table 1 ) is added to explain these notations in Appendix B.
IV. NUMERICAL RESULTS
In this section, we will apply the result presented in section (III) to multiple bodies, which correspond to microspacecraft, each of mass 60kg and inertia tensor of J = diag [4.97, 6.168 .37] kg ·m 2 [34] . The multi-vehicle system consists of 5 real rigid bodies (N = 5) and a virtual leader body (g 0 , ξ l 0 ). Numerical results will be shown to verify the validity of the proposed controllers.
To specify the proportional control term ∇φ λ;N j j , these following variables are introduced. 
can serve as an almost-globally defined quadratic polar Morse function. In fact, e is an isolated global minimum point of φ λ;N j j . From the definition of the gradient, one has that
There exist four solutions of ∇φ λ;N j j = 0, including the identity e. The functionφ λ;N j j is not well defined at the other three critical points since the property ii) of definition 1 does not hold. According to lemma12 of [35] , the functioñ φ λ;N j j satisfies the property ii) of definition 1. Thus, quadratic polar Morse functionφ λ;N j j is well defined except the three other critical points. Furthermore, from remark 1, the Hessian matrix ∇ 2φ λ;N j j is bounded. Thereafter,φ λ;N j j is an almostglobally defined quadratic polar Morse function. The communication topology satisfying assumption A3 and a desired formation configuration are given as follows,
where d is a scalar that determines the relative distance between bodies, shown by Figure 1 . These parameters of the multi-body network are chosen as follows (j = 0): In addition, the condition of the multi-body network is selected, randomly.
Euler angles are employed to show the numerical profile of a body's attitude. where α, θ and ϕ represent the roll angle, yaw angle and pitch angle, respectively. Singularities appear when the pitch angle θ = ±π/2. These three rotational angles can be obtained from the rotation matrix R via antitrigonometric functions as follows. to Figure 6 . Profiles with different colors represent different rigid bodies. Figure 2 shows that all bodies's attitudes converge to the same desired value while their positions converge to the same plane with designed relative distances. Figure 3 indicates that relative velocities all converge to zeros, meaning that all bodies are relative rest. Control inputs are presented in Figure 4 . u 1 , u 2 and u 3 represent components of control torques on roll, yaw and pitch channels, respectively. The evolution of the multi-body network is intuitively presented by Figure 6 . There are three different groups of bodies, which can be distinguished from different their gray levels. According to the gray level from low to high, they represent the initial configurations, configurations evolving over 40s and that over 70s, respectively. Obviously, these multiple bodies can achieve the desired formation configuration and the entire system can track the designed reference trajectory.
Case 2 (Consensus Tracking):
Numerical results of the consensus tracking are done and shown from Figure 7 to Figure 11 . Figure 7 shows that all bodies' configurations converge to the designed one g 0 . Figure 8 indicates that relative velocities all converge to zeros, meaning that all bodies are relative rest. Apparently, control inputs converge to different values to reject these disturbances, as shown by Figures 9 and 10 . The evolution of the multi-body system is intuitively presented by Figure 11 . According to the gray level from low to high in Figure 11 , they represent the initial configurations, configurations evolving over 40s and that over 70s, respectively. Obviously, these multiple bodies can achieve consensus state tracking the designed trajectory (g 0 , ξ l 0 ).
V. CONCLUSION
An almost-globally exponential formation tracking control scheme for multiple vehicles modeled as rigid bodies with unknown disturbances was developed with disturbance rejection. The communication topology of the vehicle network was considered as a directed acyclic graph with one root. A virtual leader located in the root was to generate feasible trajectories (positions, attitudes, velocities) be tracked by the vehicle network. Each vehicle only communicates with its leaders. The formation task was converted into the tracking control of the two vehicles via the Euclidean group operation and convex combination theory on Euclidean group, and an almost-globally exponential trajectory tracking controller with disturbance rejection was carried out by a Lyapunov analysis. However, the follower's tracking controller needs the knowledge of its leader's acceleration, which is difficult to be measured by the follower. In order to overcome this drawback, a dynamic acceleration estimator was designed by the singular perturbation method provided that the leader's velocity could be measured by the follower. Ultimately, the antidisturbance formation tracking task was achieved without using local coordinates. From the expression of the formation tracking controller, it needs the relative configuration and the relative velocities between the vehicle with its leaders, as well as the leaders' velocities.
To verify the validity of the proposed control scheme, we applied it to a multi-rigid body network with five real bodies and one virtual leader body. Numerical results were carried out. A v-shaped formation between these bodies was selected as the desired formation. The bodies performed maneuvers autonomously from given initial conditions to achieve the designed relative positions in formation, synchronize their orientations, track the required velocities, and maintained them for the designed formation while unknown disturbances were rejected. Furthermore, the formation problem degenerated into consensus tracking if the relative distances between bodies were selected as zeros. Since many factors affect the formation behavior, this work shall be further perfected. For instance, vehicles may collide with others when they get close to each other. Control inputs generated by actuators are also constrains. Thus, future work will look at performing collision-avoidance control approaches with control inputs saturation. 
APPENDIX B MAIN NOTATIONS
See Table 1 .
